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 Understanding the dynamics of an epidemic, to control, manage, or eradicate it, requires a 
wealth of knowledge in biology and mathematics. Computer tools also make significant 

contributions, thus, enabling us to carry out analyses and find approximate solutions, as well 
as run simulations to determine trends over time. In this study, we present a compartmental 
SVEIHAR model for the propagation and prevention of COVID-19. Using the computational 
and mathematical competencies of SageMath software (version 9.3) we simulate and evaluate 
the spread of the virus. Equilibria are calculated and adjusted according to the data. Again, the 
basic reproduction number, stabilities, and parameter sensitivities were studied. Our findings 
indicate that vaccination and cure rates are the most sensitive parameters, playing a crucial 
role in the fight against COVID-19. Again, the use of traditional plants, prayer, and meditation 

significantly decreases the value of the basic reproduction number. We also found that the 
disease will disappear after a time. Lastly, our study has shown the usefulness of SageMath 
software (version 9.3) which could be adapted to a variety of mathematical epidemic models. 
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I. INTRODUCTION 

The compartmental approach has become increasingly 

popular in epidemiological models in recent years. The 

compartmental model, translated by ordinary differential 

equations (ODE), was first applied in infectious disease 

modeling at the beginning of the 20th century with the 

theorem described by Sir Ronald Ross [11-12], followed by 

the work of Hammer [8], then the work of Kermack and 

McKendrick [1], where they proposed the SIR model. This 

was subsequently developed and improved in other 

epidemiological models, like the introduction of a fourth 
compartment in the work of Anderson and May [9]. Since its 

inception, this model has been proven to be highly effective 

in modeling infectious diseases. Recently, with the advent of 

COVID-19, compartmental model has proved its worth in 

understanding, controling, and the prediction of COVID-19 

dynamics worldwide [4].  Solving these models translated by 

ODEs requires a good knowledge of computer tools like 

symbolic computation software such as SageMath, MatLab, 

and many others. [5] propose a Monte Carlo method (SEIR) 

to realistically simulate the propagation of COVID-19 in a 

community. 

Several studies have modeled and examined the dynamics 

of COVID-19 since its adventin 2019. [6,7,19]  explored the 
role of cultural practices, traditional plants, and traditional 

remedies in the fight against COVID-19, and the health as 

well as the socio-economic challenges faced by indigenous 

knowledge systems (IKS) during the advent of COVID-19. 

[14] also proposed a Compartmentalized SEIiRS model with 

the aim of eliminating  COVID-19  in the Democratic 

Republic of Congo, while [2] proposed a Compartmentalized 

mathematical model for the control and prediction of COVID-

19 in India with epidemic data up to April 30, 2020. [4]  

provided in their paper a complete toolbox for performing 

symbolic and numerical analyses of COVID-19 propagation 
using the Python propagation language and the free SageMath 

software. [20] used Python and SageMath to calculate the 
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basic reproduction number and simulated malaria using the 

SEIR model.  

The emphasis in compartmentalized modeling translated 

by an ODE system is placed, among other things, on the 

calculation of equilibria, the basic reproduction number, the 

stability of equilibrium points, and the calibration of the 

model, which are generally complex to do manually. 

Freeware such as SageMath  (version 9.3) with the following 

libraries Numpy (version 1.18.5), Scipy (version 1.4.1), 
searborn (version 0.13.2),  and Matplotlib (version 2.0.0) 

makes calculations and analyses easy. SageMath offers a 

comprehensive and integrated platform for symbolic 

computations, combining tools like Maxima, Singular and 

PARI/GP in a unified, open-source environment. Unlike 

MATLAB and Python, which require additional toolboxes 

and libraries, SageMath provides advanced algebraic 

structures and superior performance in symbolic math, 

alongside interactive Jupyter notebooks with extensive 

features. This makes it a cost-effective and powerful option 

for mathematics software. 
In this paper, we consider a SVEIHAR model with 

recruitment and return to susceptibility, very similar to the 

model developed by [10]. Taking into account the use of 

traditional plants, prayer, and meditation in the fight against 

COVID-19 in the Democratic Republic of Congo. The codes 

used to calculate the equilibrium points, the basic 

reproduction number (ℛ0), visualize the overall stability of 

the equilibrium points, and the sensitivity of the basic 

reproduction number  (ℛ0) are provided. 

The paper is organized as follows: in section 2, we present 
the mathematical formulation of the compartmental 

SVEIHAR model using a system of ordinary differential 

equations (ODE). In section 3, we present the materials and 

methods used in this paper. Section 4 deals with the analyses 

of the models and the presentation of the codes for the model. 

The equilibrium points are calculated, and their global 

stability is illustrated using SageMath software (version 9.3) 

and Python (version 3.9). The Python code for applying the 

model to real COVID-19 data from the Democratic Republic 

of the Congo (Situation Report No. 132/2022 of 01/01/2023) 

is presented in section 4. 

II. MATHEMATICAL FORMULATION 

Our study uses compartmental modelling where 

individuals are placed in compartments according to the 

clinical states of individuals to COVID-19, after which the 

dynamics of these compartments are studied. 

The model takes into account the following assumptions: 

H1. We consider a homogeneous mixture within the total 

population 𝑁 is subdivided into seven (7) mutually exclusive 

compartments to identify individuals with unique 

characteristics in the face of COVID-19 namely: 

 

𝑆(𝑡),  compartment of susceptible individuals at time 𝑡, i.e. 
those not yet infected, let alone vaccinated against COVID-

19, 

𝑉(𝑡), compartment of individuals vaccinated at time 𝑡, 
𝐸(𝑡), compartment of individuals exposed at time 𝑡, those 

who have just been contaminated and are in the period when 

the viruses are colonizing the hosts, 

𝐼(𝑡) is, a compartment of symptomatic individuals at time 𝑡, 
those showing symptoms of COVID-19,  

𝐻(𝑡), compartment of individuals hospitalized (in quarantine) 

at time 𝑡, i.e. under treatment, 

𝐴(𝑡), the compartment of asymptomatic individuals at time 𝑡, 
those who are infected but do not show symptoms of COVID-

19,  

𝑅(𝑡), compartment of cured individuals at time 𝑡. 
 

H2. Vaccinates lose their acquired immunity over time and 

can become infected; 

 

H3. Contact between susceptible and infectious is random; 

 

H4. The standard incidence function 𝑓(𝐼,𝐻, 𝐴) determining 

the rate of new infections is given by 

 

𝜆 =
𝛽(𝐼 + 𝑝1𝐻 + 𝑝2𝐴)

𝑁
 

H5. All model parameters are shown in table 1 and are 

positive. 

  

H6. Exposed individuals are neither infectious nor die from 
COVID-19, i.e. they neither contribute to the incidence 

function nor die from COVID-19. 

 

H7. Only Symptomatics 𝐼 die from COVID-19, and 

individuals in all other compartments may die naturally. 

 

The model resulting from these assumptions is given in figure 

1  and system (1). 

 
Figure 1. COVID-19 transmission diagram 

 
The transitions between compartments that make up the 

model's population are as follows: 

The Susceptible (𝑆) compartment is increased by 

immigration or births per unit of time 𝑡, collectively referred 
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to as recruitment denoted by Δ = 𝜇.𝑁 . It's also increased by 

the number of individuals who recover 𝜑𝑅. The Susceptible 

compartment is reduced by natural death 𝜇, vaccination 𝜃  , 
or infection through effective contact with infected 

individuals at a rate of 𝜆. The parameter 𝛽  represents the 
effective contact rate between a fraction of symptomatic 

infected individuals 𝐼, a fraction of asymptomatic infected 

individuals 𝐴, and a fraction of hospitalized individuals 𝐻. 

However, the probability of infection differs among 

symptomatic infected individuals, asymptomatic infected 

individuals, and those under treatment. The infection rate for 

symptomatic individuals is 100%. Thus, the infection rates for 

symptomatic infected individuals, asymptomatic infected 

individuals, and individuals under treatment are represented 

by (1, 𝑝1, 𝑝2) ∈ {0,1} respectively. 
Regardless of whether they are vaccinated or susceptible, 

all individuals resort to prayer or meditation, as well as 

inhalation and the use of medicinal plants, which have an 

efficacy 𝜖2 in preventing COVID-19.  Research has shown 

that prayer and meditation can significantly reduce stress and 

improve mental health [25, 26], which is crucial during a 

pandemic. By incorporating these practices, individuals may 

experience enhanced immune function and emotional 

resilience. Therefore, integrating them into our model 

provides valuable insights into their potential benefits for 

public health. Additionally, they provide a sense of 
community and support [27, 28], which is crucial in times of 

isolation and uncertainty. Including such parameters 

acknowledges the psychological and social aspects of health, 

which are vital in managing the pandemic. 

Based on the provided information, the dynamics in the 

Susceptible (S) compartment is given by 

 

𝑆′ = Δ +𝜑𝑅 − (𝜇 + 𝜃)𝑆 − 𝜁2𝜆𝑆 
 

The Vaccinated (𝑉) compartment consists of individuals 
vaccinated against COVID-19. These individuals develop 

temporary immunity for a period but may lose it over time and 

become infected, with a lower infection rate compared to 

unvaccinated individuals, denoted by 𝜁1 = (1 − 𝜖1). 
Additionally, a reduction in infection rate, 𝜁2 = (1 − 𝜖2), is 
due to measures such as mask-wearing, prayer, or social 

distancing. The vaccinated population decreases due to 

exposure to the disease and natural mortality 𝜇. The dynamics 

in the vaccinated compartment is thus: 
 

𝑉′ = 𝜃𝑆 − 𝜇𝑉 − 𝜁1𝜁2𝜆𝑉 
 

The Exposed (𝐸) compartment consists of individuals who 

have recently been infected and are in the period where the 

virus is colonizing their hosts; they are, in effect, unaware 

they are infected. This compartment grows due to new 

infections from the susceptible (𝑆) and vaccinated (𝑉) 
populations. 

 After an incubation period denoted by 𝜎, a fraction 𝜌 of 

the unaware infected individuals (exposed) leaves the 

exposed compartment to become asymptomatic infected 

individuals (𝐴), while another fraction (1 − 𝜌) becomes 

symptomatic infected individuals (𝐼). The exposed 

population decreases due to natural mortality at a rate 𝜇. 

Thus, the dynamics in the exposed compartment is expressed 

as follows: 
 

𝜆[𝜁2𝑆 + 𝜁1𝜁2𝑉] − (𝜇 + 𝜎)𝐸 
 

The Symptomatic Infected (𝐼) compartment consists of 

individuals who exhibit COVID-19 symptoms after surviving 

an average incubation period of 14 days. The population of 

symptomatic infected individuals decreases due to a fraction 

𝑑 leaving this compartment to join the hospitalized (𝐻) 

compartment, as well as due to natural mortality at rate 𝜇. It 
should be noted that the incubation rate is the reciprocal of the 

incubation period (𝜎 =
1

14𝑗
).  The dynamics in this 

compartment is given by: 

 

𝐼′ = 𝜎(1 − 𝜌)𝐸 − (𝜇 + 𝑑)𝐼 
 

The Asymptomatic (𝐴) compartment consists of infected 

individuals who do not show symptoms of COVID-19 but can 

still transmit the infection. Similar to symptomatic infected 

individuals, this compartment is fed by a portion of exposed 

individuals who have survived an average 14-day incubation 

period. The Asymptomatic compartment decreases as a 

fraction 𝛾1 of individuals leave to join the Removed (𝑅) 
compartment, and also through natural death 𝜇. The dynamics 

within this compartment are given by: 
 

𝐴′ = 𝜎𝜌𝐸 − (𝜇 + 𝛾1)𝐴 
 

The Hospitalized or Quarantined (𝐻) compartment 

consists of individuals diagnosed and placed under treatment 

or quarantine by the competent authority. This compartment 

is populated by a fraction 𝑑 of individuals from the 

symptomatic infected (𝐼) compartment at a rate (1 − 𝛾). The 

Hospitalized or Quarantined (𝐻) compartment decreases due 

to natural mortality at rate μ, mortality due to COVID-19 at 

rate 𝜇1, and recovery at rate 𝜂. The dynamics in this 

compartment is given by: 

 

𝐻′ = 𝑑(1 − 𝛾)𝐼 − (𝜇1 + 𝜂 + 𝜇)𝐻 
 

The Recovered (R) compartment consists of individuals 

who have recovered from COVID-19, originating from the 

asymptomatic infected (𝐴), symptomatic infected (𝐼), and 

hospitalized or quarantined (𝐻) compartments. The 

population in this compartment decreases due to natural 

mortality at rate 𝜇 and the return to susceptibility at rate 𝜑. 

Thus, the dynamics is given by: 

 

𝑅′ = 𝛾1𝐴 + 𝑑𝛾𝐼 + 𝜂𝐻 − (𝜑 + 𝜇)𝑅 
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The overall dynamics of the epidemiological model is thus 

given by the following system of differential equations 

 

{
 
 
 

 
 
 
𝑆′ = Δ + 𝜑𝑅 − (𝜇 + 𝜃)𝑆 − 𝜁2𝜆𝑆   
𝑉′ = 𝜃𝑆 − 𝜇𝑉 − 𝜁1𝜁2𝜆𝑉                    

𝐸′ = 𝜆[𝜁2𝑆 + 𝜁1𝜁2𝑉] − (𝜇 + 𝜎)𝐸   

𝐼′ = 𝜎(1 − 𝜌)𝐸 − (𝜇 + 𝑑)𝐼             

𝐻′ = 𝑑(1 − 𝛾)𝐼 − (𝜇1 + 𝜂 + 𝜇)𝐻

𝐴′ = 𝜎𝜌𝐸 − (𝜇 + 𝛾1)𝐴                    
  

𝑅′ = 𝛾1𝐴 + 𝑑𝛾𝐼 + 𝜂𝐻 − (𝜑 + 𝜇)𝑅

                        (1)      

 
The system (1) is solved under the initial conditions below : 

 

(𝑆(0), 𝑉(0), 𝐸(0), 𝐼(0), 𝐻(0), 𝐴(0), 𝑅(0)) ≥ 0          (2) 

TABEL I 

PARAMETERS AND THEIR DESCRIPTION 

Par. Description 

Δ The recruitment rate of individuals into the population 

𝛽 Rate of contamination 

𝜃 Proportion of vaccinated 

𝜇 Natural death rate 

𝜇1 Death rate due to COVID-19 

𝜎 Exit rate from the exposed compartment 

𝜀1 Vaccine effectiveness 

𝜀2 Effectiveness of prayer, inhalation, and distancing 

𝑑 Exit rate from the symptomatic compartment 

𝜌 Fraction of exposed people who become asymptomatic 

𝛾 Fraction of symptomatic sufferers who recover 

𝛾1 The healing rate of symptomatic patients 

𝑝1 Potential for infection in symptomatic hospitalizes patients 

𝑝2 Potential for infection in symptomatic patients 

𝜂 Impatient recovery rate 

𝜑 Rate of return to susceptibility 

III. MATERIALS AND METHODS 

 

The SVEIHAR model (see Figure 1) is described using a 

system of ordinary differential equations (ODE) (see (1)).  

The diagram is plotted using GeoGebra software (version 

6.0.848.0) on a computer with the following specifications: 

12th Gen Intel(R) Core (TM) i5-1235U 1.30 GHz, 16.0 GB 

RAM, 500 GB SSD, and Windows 11 OS. Quantitative and 

qualitative analyses were performed using SageMath (version 

9.3). Equilibria are calculated using SageMath (version 9.3), 

then the basic reproduction number (ℛ0) is calculated, 
followed by the simulation of equilibrium point stabilities, 

again using SageMath (version 9.3), and finally, the 

sensitivity of the basic reproduction number parameters is 

simulated using SageMath (version 9.3).   

We used cumulative data up to the week of 12/26/2022 to 

01/01/2023 from the COVID-19 task force of the Ministry of 

Public Health, Hygiene and Social Welfare [22], from the 

National Institute of Biomedical Research of Kinshasa 

(INRB), and other studies. 

 

IV. RESULTS AND DISCUSSION 

A. Results 

In this section, the elementary elements of the COVID-19 

(SVEIHAR) model such as positivity, boundedness, domain 

invariance, equilibria, basic reproduction number, and 

stability are studied. 

1. Well-posedness of the model system and boundary 

Consider the following compact invariant domain 

Ω = {(𝑆, 𝑉, 𝐸, 𝐼, 𝐻, 𝐴, 𝑅) ∈ ℝ+
7 : 0 < N ≤

Δ

𝜇
}          (3) 

 

Theorem 1. The COVID-19 model (1) is biologically and 

mathematically well-established. 

 
Proof: We demonstrate this theorem step by step. 

Step 1: We show that system (1) has a unique solution. 

The functions of system (1) are 𝐶1, so they are continuous in 

some open ball containing the initial conditions 

𝑆(0), 𝑉(0), 𝐸(0), 𝐼(0), 𝐻(0), 𝐴(0), 𝑅(0) and are locally 

Lipschitzian, so there is a unique local maximum solution for 

system (1) in Ω. 

Step 2. We show that the solutions of system (1) are positive. 

Starting from system (1), we have: 

 
𝑑𝑆

𝑑𝑡
|𝑆=0 = Δ + 𝜑𝑅 ≥ 0,

𝑑𝑉

𝑑𝑡
|𝑉=0 = 𝜃𝑆 ≥ 0, 

𝑑𝐸

𝑑𝑡
|𝐸=0 = 𝜆(ζ2𝑆 + ζ1ζ2𝑉) ≥ 0,    

𝑑𝐼

𝑑𝑡
|𝐼=0 = 𝑘3𝐸 ≥ 0,

𝑑𝐻

𝑑𝑡
|𝐻=0 = 𝑘5𝐼 ≥ 0,   

𝑑𝐴

𝑑𝑡
|𝐴=0 = 𝑘7𝐼 ≥ 0,     

𝑑𝑅

𝑑𝑡
|𝑅=0 = 𝛾1𝐴 + 𝑑𝛾𝐼 + 𝜂𝐴 ≥ 0   

We can conclude that all solutions of system (1) are positive. 

 

Step 3. Summing the equations of system (1), we obtain 

𝑁′ = 𝜇𝑁 + 𝜇1𝐻 +   𝜑𝑅 +  Δ  

      ≤  𝜇𝑁 + Δ    (4) 
 

By integrating relation (4), we obtain 

   

𝑁(𝑡) = 𝑁(0)e(−μt) +
Δ

𝜇
     (5) 

 

By the constant variation formula, it follows that. 

  

  lim
𝑡 →+∞

sup𝑁(𝑡) =
Δ

𝜇
   (6) 

 

Thus, 𝑁(𝑡) =
Δ

𝜇
. This allows us to conclude that the solution 

set {𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝐻(𝑡), 𝐴(𝑡), 𝑅(𝑡)} is bounded in Ω 
i.e.,  
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Ω = {(𝑆, 𝑉, 𝐸, 𝐼, 𝐻, 𝐴, 𝑅) ∈  ℝ+
7 : 0 < 𝑁 ≤

Δ

𝜇
} 

Consequently, all solutions of system (1) are bounded in the 

region Ω which attracts all solutions in  ℝ7. 
   

Given all this, we conclude that for the initial condition 

(𝑆(0), 𝑉(0), 𝐸(0), 𝐼(0), 𝐻(0), 𝐴(0), 𝑅(0)) contained in the 

positively invariant domain Ω, system (1) admits a unique, 

non-negative solution. 

2. Diseases Free Equilibrium (DFE) and Basic 

Reproduction Number (ℛ0)  

Model (1) admits two equilibrium points namely: the 

disease-free equilibrium points 𝑋0 which appears in the 

absence of any infection i.e. (𝐸 = 0, 𝐼 = 0,𝐻 = 0, 𝐴 = 0), 

and the endemic equilibrium 𝑋1 which appears in the 

presence of infection i.e. (𝐸 ≠ 0, 𝐼 ≠ 0, 𝐻 ≠ 0,𝐴 ≠ 0). From 

the above, Disease-free equilibrium is given by 

𝑋0 = (𝑆0, 𝑉0, 𝐸0, 𝐼0, 𝐻0, 𝐴0, 𝑅0) = (
Δ

𝑘9
,
Δθ

𝜇𝑘9
, 0, 0, 0, 0,0)  

and the endemic equilibrium point is given by  

 𝑋1 = (𝑆1, 𝑉1, 𝐸1, 𝐼1, 𝐻1, 𝐴1, 𝑅1)   
 

where 

𝑆1 =
Δ + φ 𝜓𝐼1

(𝑘9 + 𝐼
1Φ)

 

𝑉1 =
Δθ + θφ 𝜓𝐼1

(𝑘9+𝐼
1Φ)(μ +Φ𝜁1𝐼

1
 

𝐸1 =
𝑘4

𝑘3
𝐼1,  𝐻1 =

𝑘5

𝑘6
𝐼1, 𝐴1 =

𝑘4𝑘7

𝑘3𝑘8
𝐼1 

𝑅1 =
𝛾1𝑘4𝑘6𝑘7 + 𝑑𝛾𝑘3𝑘6𝑘8 + 𝜂𝑘3𝑘5𝑘8

(𝜇 + 𝜑)𝑘3𝑘6𝑘8
 

with  

𝜍 =
𝑘5
𝑘6
𝜓 =

𝑘4𝑘7
𝑘3𝑘8

𝜓 =
(𝛾1𝑘4𝑘6𝑘7 + 𝑘3𝑘8(𝑑𝛾𝑘6 + 𝜂𝑘5))

𝑘3𝑘6𝑘8(𝜑 + 𝜇)
 

 

Φ = 𝛽 (
1 + 𝑝1𝜍 + 𝑝2𝜓

𝑁
) 

Remark 1. Considering equations 𝑆1 to 𝑅1, if 𝐼1=0, we obtain 

the Diseases Free Equilibrium 𝑋0. 

3. Basic Reproduction Number  

A crucial indicator of infectious disease is the basic 

reproduction number (ℛ0), defined as the average number of 
secondary cases that a typical infectious individual produces 

when introduced into a population composed entirely of 

susceptible individuals. It is calculated using the algorithm of 

van den Driessche [15]. After calculation in SageMath, we 

obtain the new infection production matrix F, the transition 

matrix 𝑉, and the inverse of the matrix 𝑉−1 respectively. 

 

 

 

Using the following SageMath codes: 

-------------------------------------------- 
# Declaration of variables 

var('a,b,c,d,e,f,g,h,i,j,beta,Delta,mu,zeta1,zeta2,theta,p1,p2,k

2,k3,k4,k5,k6,k7,k8,k9,kapa,mu1, epsilon1,epsilon2, mu1, 

mu2, p, C,S,R,E,pi, N') 

# Construction of the F matrix 
F=matrix(SR,4,4,[ 

[0,beta*Delta*epsilon2*(theta*epsilon1+mu)/(N*mu*(mu+t

heta)),p1*beta*Delta*epsilon2*(theta*epsilon1+mu)/(N*mu

*(mu+theta)),  

p2*beta*Delta*epsilon2*(theta*epsilon1+mu)/(N*mu* 

(mu+theta))], 

[0,0,0,0],[ 0,0,0,0],[0,0,0,0]]) 

# Construction of the V matrix 

V=matrix(SR,4,4,[[k2,0,0,0], 

[-k3,k4, 0,0],  

[0,-k5,k6,0],[-k7,0,0,k8]]) 

# Inverse of matrix V 
INV=V.inverse() 

 

#Next Generation Matrix  

Next=F*INV 

 

# Display of F,V,V^-1 and next-generation matrices 

show(F) 

show(V) 

show(INV) 

show(Next) 

-------------------------------------------- 
Thus, the basic reproduction number obtained from the 

spectral radius of the new generation matrix (𝐹𝑉−1) is 

therefore  

ℛ0 =
(𝑘3𝑘5𝑘8𝑝1 + 𝑘4𝑘6𝑘7𝑝2 + 𝑘3𝑘6𝑘8)𝛽𝑧1

𝑘2𝑘4𝑘6𝑘8
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where 

 

𝑘2 = (𝜎 + 𝜇), 𝑘3 = 𝜎(1 − 𝜌), 𝑘4 = (𝑑 + 𝜇), 𝑘5 = 𝑑(1 − 𝛾)  
𝑘6 = (𝜇1 + 𝜂 + 𝜇), 𝑘7 = 𝜎𝜌, 𝑘8 = (𝛾1 + 𝜇), 𝑘9 = (𝜃 + 𝜇) 

𝑧1 =
𝜁2Δ(𝜇 + 𝜁1𝜃)

𝑁𝑘9𝜇
=
𝜁2(𝑆

0 + 𝜁2𝜁2𝑉
0)

𝑁
 

,  

TABEL II 

PARAMETERS AND THEIR VALUE 

Parameter Value Reference 

Δ 93 - 

𝛽 0.3 [21] 

𝜃 0.146 [21] 

𝜇 0.00097 [23] 

𝜇1 0.0015 [22] 

𝜎 1/14j=0.714 [24] 

𝜀1 0.50 [29] 

𝜀2 0.50 assume 

𝑑 0.625 assume 

𝜌 0.8 assume 

𝛾 0.710 assume 

𝛾1 0.03 assume 

𝑝1 0.2 assume 

𝑝2 0.5 assume 

𝜂 0.884 [22] 

𝜑 0.005 assume 

 

obtained with the following SageMath code 

-------------------------------------------- 
#Calcul de R0. 

R0=Next.eigenvalues() 

show(R0) 

-------------------------------------------- 
We have some of the basic reproduction number (ℛ0) as a 

function of the parameters 𝜃, 𝛽, 𝜀1, 𝜀2, 𝛾1 , and Δ which are the 

most influential parameters of the basic reproduction number 

(ℛ0).  The SageMath code for plotting the profiles (figures 2-

7) is shown below. 

-------------------------------------------- 
#Parameters of the model  

Here iclude the parameters and their values 
#Define the incubation period 

Delta = np.linspace(0,500,1000)   

Delta 

#Compute the R_0  

for i in n: 

    R0 = (sigma*(1-rho)*d*(1-gamma)* 

(gamma1+mu)*p1+(d+mu)*(mu1+mu+eta)*(sigma*rho)*p2

+sigma*(1-rho)* (mu1+mu+eta)* (gamma1+mu))*(beta*(1- 

epsilon2)* Delta* (mu+((1-epsilon1)*theta)))/ 

(mu*(sigma+mu)*(d+mu)*    (mu1+mu+eta)* 

(gamma1+mu)*(theta+mu)*N) 

print(R0) 
#Plot the profile of R0 

t_start = 0 

t_end =  0.9 

t_step = 1000 

T=np.linspace(t_start, t_end, t_step) # our space 

plt.figure('my graph')  

plt.plot(T,R0,'m',label="R_0 

plt.title('$\\mathcal{R}_0$ vs $\\Delta$') 

plt.xlabel('Recruitment ($\\Delta$)') 

plt.ylabel('Basic Reproduction Number $\\mathcal{R}_0$') 

plt.grid(True) 

plt.show() #Show the plot 
-------------------------------------------- 

 

 
Figure 2. ℛ0 profil as a function of θ 

 
Figure 3. ℛ0 profil as a function of 𝛽 

 
Figure 4. ℛ0 profil as a function of 𝜀1 
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Figure 5. ℛ0 profil as a function of 𝜀2 

 

 
Figure 6. ℛ0 profil as a function of 𝛾1 

 

 
Figure 7. ℛ0 profil as a function of Δ 

4. Global Stability of DFE 

The disease-free equilibrium 𝑋0 is studied in this subsection 
using the method developed by [13]. Based on this method, 

system (1) is rewritten as system (7) below. 

{

𝑑𝑀1

𝑑𝑡
= 𝑓1(𝑀1𝑀2)                          

𝑑𝑀2

𝑑𝑡
= 𝑓2(𝑀1𝑀2),        𝑓2(𝑀1, 0),

                     (7) 

where 𝑀1 represents the non-infectious compartments, 

𝑀1 = (𝑆, 𝑉, 𝑅) ∈ ℝ+
3   and 𝑀2 the infectious compartments,  

𝑀1 = (𝐸, 𝐼,𝐻, 𝐴) ∈ ℝ+
4 . The Covid-19-free equilibrium point 

is given in this case by 𝑋0 = (𝑀1
0, 0) and will be Globally 

Asymptotically Stable (GAS) for ℛ0 < 1, if the two 
conditions below are satisfied: 

C1: for 
𝑑𝑀1

𝑑𝑡
= 𝑓1(𝑀1, 0) where (𝑀1

0, 0)  is GAS  

C2: 𝑓2(𝑀1,𝑀2) = 𝑍𝑀2− 𝑓(𝑀1,𝑀2)  où 𝑓2(𝑀1,𝑀2) ≥
0, ∀(𝑀1,𝑀2) ∈  Ω, 𝑍 = 𝐷𝑀2(𝑓((𝑀

0
1, 0)) is a M-matrix. 

 

Theorem 2.  The disease-free equilibrium points 𝑋0 =
(𝑀1

0, 0)  of model (1) is GAS for ℛ0 < 1 if conditions C1 and 
C2 above are verified. 

 

Proof. Considering model (1).  𝑓1(𝑀1,𝑀2) and 𝑓2(𝑀1,𝑀2) 
are defined as follows: 

 

𝑓1(𝑀1,𝑀2) = (

Δ + 𝜑𝑅 − (𝑘9 − 𝜁2𝜆)𝑆
𝜃𝑆 − (𝜇 + 𝜁1𝜁2𝜆)𝑉

𝛾1𝐴 + 𝑑𝛾𝐼 + 𝜂𝐻 − (𝜑 + 𝜇)𝑅
) 

 

and 

𝑓2(𝑀1,𝑀2) = (

𝜆[𝜁2𝑆 + 𝜁1𝜁2𝑉] − 𝑘9𝐸
𝑘3𝐸 − 𝑘4𝐼
𝑘5𝐼 − 𝑘6𝐻
𝑘7𝐸 − 𝑘8𝐴

) 

 

From the above, we can easily show that 𝑓2(𝑀1, 0) = 0  and  

 

𝑓1(𝑀1, 0) = (
Δ − 𝑘9𝑆
𝜃𝑆 − 𝜇𝑉

−(𝜑 + 𝜇)𝑅
) 

  

Concerning condition C1, we have 

 

𝑑𝑀1

𝑑𝑡
= 𝑓1(𝑀1, 0) = (

Δ − 𝑘9𝑆
𝜃𝑆 − 𝜇𝑉

−(𝜑 + 𝜇)𝑅
)              (8) 

 

Solving system (8) analytically we obtain and tending 𝑡 →
+∞ we obtain 

 

𝑆(𝑡) =
Δ

𝑘9
, 𝑉(𝑡) =

Δθ

𝜇𝑘9
,    and 𝑅(𝑡) = 0 

where 𝑋0 = (
Δ

𝑘9
,
Δθ

𝜇𝑘9
, 0,0,0,0,0) is GAS for 

𝑑𝑀1

𝑑𝑡
= 𝑓1(𝑀1, 0). 

This satisfies the first condition C1.  Now that the second 

condition C2 is also satisfied. 

 

Looking at system (1), the matrices Z and 𝑓(𝑀1,𝑀2)   can be 
written as 
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𝑍 = (

−𝑘2
𝑘3
0
𝑘7

𝛽𝜁2(𝑆
0 + 𝜁1𝑉

0)
−𝑘4
𝑘5
0

𝛽𝑝1𝜁2(𝑆
0 + 𝜁1𝑉

0)

0
−𝑘6
0

𝛽𝑝2𝜁2(𝑆
0 + 𝜁1𝑉

0)

0
0
−𝑘8

) 

 

and 

𝑓(𝑀1, 𝑀2) =

(

 
 
𝜁2𝛽 (1 −

𝑆

𝑁
) 𝐼 + 𝜁2𝑝1𝛽 (1 −

𝑆

𝑁
)𝐻 + 𝜁2𝑝2𝛽 (1 −

𝑆

𝑁
)𝐴

0
0
0 )

 
 

 

Since 0 ≤ 𝑆 ≤ 𝑁, (1 −
𝑆

𝑁
) ≥ 0 it is obvious that Z ≥ 0.  We 

further note that the matrix Z is an M-matrix (all non-

diagonal elements of Z are non-negative). Since condition 

C2 is satisfied, this proves that 𝑋0 is GAS for ℛ0 < 1. 

 

5. Global Stability of Endemic Equilibrium 

Theorem 3. The 𝑋1  endemic equilibrium of model (1) is GAS 

when ℛ0 > 1. 

 

Proof. Consider the following positively definable 

differentiable function (see [16]): 

 
(9) 

The time derivative of L gives us 

 
 

Clearly, 𝑑𝐿/𝑑𝑡 is negative definite. We can then conclude that 

the function chosen above is indeed a Lyapunov function. 
𝑑𝐿

𝑑𝑡
= 0 if and only when 𝑆 = 𝑆1, 𝑉 = 𝑉1 , 𝐸 = 𝐸1, 𝐼 = 𝐼1, 𝐻 =

𝐻1, 𝐴 = 𝐴1.  It follows from LaSalle's invariance principle 

[19] that, the largest invariant set in  

Ω = {(𝑆, 𝑉, 𝐸, 𝐼, 𝐻, 𝐴, 𝑅) ∈ ℝ+
7 : 𝐿′ = 0} 

 is the singleton {𝑋1}, This implies that the endemic 

equilibrium is GAS. 

 

6. Sensitivity analysis 

Typically, in an epidemiological context, the definition of the 

basic reproduction number (ℛ0) refers to the epidemiological 

threshold including the value 1, where, if ℛ0 > 1, an 

epidemic can occur, and if ℛ0 < 1, the disease cannot invade, 

and an epidemic is not expected. This analysis identifies the 

most influential parameters.  The following formula 

calculates the sensitivity of all the parameters that make up 

ℛ0. 
𝜕ℛ0
𝜕 ∝

×
∝

ℛ0
                 (10) 

      

where ∝ is the parameter of ℛ0. 
The sensitivity analysis is thus found using the following 

SageMath  code: 
 

-------------------------------------------- 
#load and import libraries 

import matplotlib.pyplot as plt 

import numpy as np 

from sage.all import * 

from scipy.integrate import solve_ivp 

var('Delta, beta, sigma, gamma,alpha, mu, mu1, varphi, theta, 

epsilon1, epsilon2, gamma1, d, eta, 

rho,p1,p2,N,k2,k3,k4,k5,k6,k7,k8,k9,zeta1,zeta2') 
 

# Basic reproduction number 

R0 = (k3*k5*k8*p1+k4*k6*k7*p2+k3*k6*k8) 

*(beta*zeta2*Delta*(mu+(zeta1*theta)))/(mu*k2*k4*k6*k8

*k9*N) 

show(R0) 

 

# Sensivity of R0 

Sens1  = (beta/R0)*diff(R0, beta) 

Sens2  = (gamma/R0)*diff(R0, gamma) 

Sens3  = (alpha/R0)*diff(R0, alpha) 

Sens4  = (mu/R0)*diff(R0, mu) 
Sens5  = (eta/R0)*diff(R0, eta) 

Sens6  = (Delta/R0)*diff(R0, Delta) 

Sens7  = (sigma/R0)*diff(R0, sigma) 

Sens8  = (mu1/R0)*diff(R0, mu1) 

Sens9 = (theta/R0)*diff(R0, theta) 

Sens10 = (epsilon1/R0)*diff(R0, epsilon1) 

Sens11 = (epsilon2/R0)*diff(R0, epsilon2) 

Sens12 = (gamma1/R0)*diff(R0, gamma1) 

Sens13 = (d/R0)*diff(R0, d) 

Sens14 = (rho/R0)*diff(R0, rho) 

Sens15 = (p1/R0)*diff(R0, p1) 
Sens16 = (p2/R0)*diff(R0, p2) 

 

# Data for the bar plot 

sensitivities = [n(Sens1), n(Sens2), n(Sens3), n(Sens4), 

n(Sens5), n(Sens6), n(Sens7), n(Sens9), n(Sens10), 

n(Sens11), n(Sens12), n(Sens13), n(Sens14), n(Sens15), 

n(Sens16), n(Sens17)] 
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parameters = ['$\\beta$', '$\\gamma$', '$\\alpha$', 

'$\\mu$','$\\eta$', '$\\Delta$', '$\\sigma$',  

'$\\mu_1$','$\\theta$','$\\epsilon_1$', '$\\epsilon_2$', 

'$\\gamma_1$', '$d$', '$\\rho$', '$p_1$','$p_2$'] 

 

# Create a bar plot 

plt.figure(figsize=(8, 5), dpi=300) 

plt.bar(parameters, sensitivities, color=['#1f77b4'] * 
len(parameters))   

plt.title('Sensitivity of $\\mathcal{R}_0$ with respect to 

parameters ($\\mathcal{R}_0=16.17$)') 

plt.xlabel('Parameters') 

plt.ylabel('Value of sensitivity') 

plt.grid(axis='y', linestyle='--', alpha=0.7) 

plt.show() 

-------------------------------------------- 

 
Figure 8. Sensivity Analysis 

 

The Python code below produces the graphs figure 9 and 

figure 10, showing the distribution of the number of new 

COVID-19 cases in epidemiological week 12/26/22 - 

01/01/23. 

  
Figure 9. Distribution of the number of new COVID-19 cases in 

epidemiological week 12/26/22-01/01/23 

  
Figure 10. Distribution of the number of new COVID-19 cures in 

epidemiological week 12/26/22-01/01/23 

-------------------------------------------- 
import matplotlib.pyplot as plt 

%matplotlib inline 

import seaborn; seaborn.set(); 

from scipy.integrate import solve_ivp 

import numpy as np 
plt.figure(figsize=(6,4), dpi=300) 

plt.bar(range(1,8),[9,29,5,2,12,1,0]) 

#plt.bar(range(1,8),[29,27,19,35,25,40,6]) 

plt.xlabel('Day'); plt.ylabel('Number of Infected'); 

plt.xticks(range(1,8));  

plt.title('Number of new COVID-19 in DR Congo week of 

12/26/22 - 01/01/23'); 

#plt.title('Number of new COVID-19 recoveries in DR Congo 

week of 12/26/22 - 01/01/23'); 

-------------------------------------------- 

 
Figure 11. Evolution of COVID-19 over time. (ℛ0 < 1) 
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Figure 12. COVID-19 infected evolution over time. (ℛ0 < 1) 

 

 

 
Figure 13. Evolution of COVID-19 over time  

(ℛ0 > 1) 

 

B. Discussion 

Turning to the discussion, we note that model (1) is 

mathematically and biologically well-posed, it has two 

equilibria namely the Diseases Free Equilibrium and the 

Endemic Equilibrium. Figure 2 shows the crucial role of 
vaccination in the fight against COVID-19. It shows that the 

basic reproduction number ℛ0 decreases significantly as the 

vaccination rate 𝜃 increases. ℛ0 decreases significantly with 

increasing cure rate of asymptomatic 𝛾1  see figure 7. 

Figures 3-6 and Figure 7 show the profiles of the basic 

reproduction number ℛ0 as a function of the most influential 

variables. We can also notice that ℛ0 increases significantly 

as a function of the parameters 𝛽 (see Figure 3) and Δ (see 

figure 7). It decreases significantly as a function of the 

parameters θ (see figure 2), 𝜀1 (see figure 4), 𝜀2  (see figure 

5), and 𝛾1 (see figure 6). 

 

 
Figure 14. COVID-19 infected evolution over time. (ℛ0 > 1) 

 

 
Figure 15. Evolution of infected E and I over time (ℛ0 > 1) 

 

 

Figure 8 shows the sensitive parameters of the model (1). 

It is all the more visible that the parameters 𝛽 and Δ are 

positively sensitive i.e. the more they increase in value, the 
more the number of basic reproduction increases, and the 

disease remains endemic. Public health personnel are 

therefore urged to implement effective multi-sectoral policies 

to reduce these two parameters if they hope to eradicate the 

disease from the population. The parameters 𝜀1, 𝜀2, 𝛾1  and 𝜃 

negatively influence the basic reproduction number ℛ0 i.e. 

increasing in value of these parameters will significantly 

decrease the value of ℛ0. As with positive influencing 
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parameters, public health personnel need to implement 

effective multi-sectoral policies to increase the value of these 

parameters. 

Figure 9 and Figure 10 show the distribution of new 

COVID-19 cases and new COVID-19 recoveries for 

epidemiological week 12/26/22-01/01/23. We can see that 

there were more recoveries than infections. 

figures 11-12 show the evolution of model variables over 

time when ℛ0 < 1. We can see that the disease disappears 

after a while. Figures 13-15. show the evolution of model 

variables over time when ℛ0 > 1, showing that the disease 

remains endemic. 

 

V. CONCLUSION 

In this study, we proposed a SVEIHAR model where 

SageMath software (version 9.3) as well as a set of tools for 

symbolic and numerical analysis were used. Our findings 

were that the cure rate and vaccination play a crucial role in 
the fight against COVID-19 which confirms the study [3]. 

Thus, the basic reproduction number ℛ0 decreases 

significantly as the vaccination and cure rates increase. 

Also, these parameters were seen as the most sensitive as 

their increase was able to make the disease endemic.  

Again, the use of traditional plants, prayer, and meditation in 

the fight against COVID-19 significantly decreases the value 

of ℛ0. These findings also confirm the study of [17] who 

opines that meditation has positive effects for its known anti-

anxiety, anti-stress, and pain-relieving effects, which can 
alleviate both the psychological and physical symptoms of 

COVID-19. 

More so, we found that there were more recoveries than 

infections in the distribution of new COVID-19 cases and new 

COVID-19 recoveries for epidemiological week 12/26/22-

01/01/23. Hence, this indicates that the disease will disappear 

after a time which was also proven by our evolution test. 
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