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The Discrete Fourier Transform (DFT) allows the digital signals representation in the
frequency domain by decomposing discrete signals into finite sinusoidal components.
DFT works on discrete data with a certain number of samples relevant for modern
digital signal processing. In the context of electroencephalogram (EEG), DFT plays
an important role in identifying brain frequency spectra, such as alpha, beta, theta,
and delta waves, each of which has physiological and clinical significance. This
article analyzes the Discrete Fourier Transform (DFT) in the context of finite-
dimensional Hilbert space and its application to analyze EEG signals. The objectives
of the study are to prove that the DFT is in Hilbert space by showing its mathematical
properties and using DFT to analyze the frequency characteristics of EEG signals in
finite-dimensional Hilbert space. The method used involves a mathematical approach
by establishing a mathematical framework based on finite-dimensional Hilbert space,
analyzing the inverse DFT by recasting the signal from the frequency domain to the
time domain, identifying the relevant mathematical characteristics of the DFT.
Discretization of continuous signals into discrete ones through impulse sampling
techniques, and application of DFT for transformation to the frequency domain for
analyzing EEG spectral. The results show that DFT satisfies the definition and axioms
of complex vector spaces and finite-dimensional Hilbert spaces, having a provable
inverse through the properties of unitary operators. The application of DFT to the
modeled EEG signal successfully produces a frequency spectrum that matches the
frequency components of the initial model, both in magnitude and energy.

This is an open access article under the CC-BY-SA license.

l. INTRODUCTION

Fourier analysis provides a fundamental framework for
representing signals in the frequency domain. For digitally
acquired signals, which are represented by finite discrete
samples, the Discrete Fourier Transform (DFT) provides a
finite-dimensional formulation suitable for numerical
computation and digital signal processing. Jean Baptiste
Joseph Fourier (1768-1830) was a mathematician who
observed complex signals and formulated them as an infinite
sum of sinusoidal waves. His findings stated that any signal
or wave, no matter how complex, can always be written as a
series of simple wave sums [1]. This statement is known as
the Fourier series. Periodic functions approximated by partial
sums of a Fourier series always converge [2]. Subsequently,

research on Fourier series continued and was developed into
a more general form, allowing functions not only to be applied
to periodic but also to non-periodic functions [3]. This
concept is known as the Fourier transform.

The Fourier transform is one of the most important
mathematical tools in science and engineering.
Mathematically, the Fourier transform can be viewed as a
signal from one domain (usually time) to another, namely the
frequency domain. The Fourier transform concept has had a
profound impact on the development of science, particularly
in fields such as science and engineering. Some of these
include audio engineering, which utilizes the ear's sensitivity
to frequency as a research object; biomedical engineering,
which uses the Fourier transform for health imaging, such as
Magnetic Resonance Imaging (MRI), which records
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frequency data and converts it to its inverse form to produce
an image signal; psychology, which uses the Fourier
transform to study different domains of view; brain waves,
which use the Fourier transform to view dominant spectra;
and others [4].

Initially, the Fourier transform was viewed as a
continuous function or analogy signal; however, in computing
practice, much data is obtained through digital devices that
produce discrete data. The main limitation of the continuous
Fourier transform is its inability to handle data that is
inherently discrete. For example, an Electroencephalogram
(EEG) signal recorded by a computer through human brain
activity can only be expressed as a collection of discrete
values because computers can only read discrete data. EEG
signals are highly nonlinear [5] and nonstationary [6],
traditional Fourier analysis which expands the signal in
sinusoidal form cannot accurately represent the amplitude
contribution of each frequency value [7]. Therefore, a
transformation approach must be developed that addresses the
characteristics that are lacking in the continuous Fourier
transform [8]. This is the reason for the concept called the
Discrete Fourier Transform (DFT). Rapid scientific
advancements have led to significantly more advanced data
processing. Many software and hardware processes data
digitally, such as EEG signals, MRI scans,
electrocardiograms (ECG), electrooculograms (EOG), and
others.

One application of DFT in the neurological field is the
analysis of EEG signals. Electroencephalography is a
technique for measuring electrical activity in the brain.
Electrical activity in the human brain was first introduced by
Hans Berger (1924) using a simple galvanometer [9].
Electroencephalography typically measures brain waves,
which consist of delta, theta, alpha, beta, and gamma waves.
Each type of brain wave has a dominant characteristic in the
frequency domain. Delta waves have a frequency of 0.2-3 Hz,
which is associated with sleep; theta waves have a frequency
of 3-8 Hz, which is dominant in very relaxed states; alpha
waves have a frequency of 8-12 Hz, which is usually
dominant in relaxed states; beta waves have a frequency of
12-27 Hz, which is typically dominant during focused and
alert states; and finally, gamma waves, with a frequency
above 27 Hz, are dominant during productive states [10].

The frequency of brain waves is one area of study in DFT
because DFT can convert the time domain to the frequency
domain. Information about the frequency obtained through
DFT will be processed into a frequency spectrum, which
represents the signal's distribution against frequency. This
frequency spectrum can be described in terms of magnitude
(amplitude) and energy (power), which are used to obtain
neurological information, including insights into brain
diseases. For example, when someone is sleeping, the
magnitude and energy of delta waves will be dominant. Still,
if in that condition the energy of other waves is tremendous,
for example gamma, then this information can be used to
provide conclusions about the condition of the brain that has

the potential to experience neurological diseases such as
Alzheimer's, Attention Deficit Hyperactivity Disorder
(ADHD), insomnia, anxiety disorders, epilepsy, depression,
stress, and others [11].
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Figure 1. Brain wave frequency and conditions [12]

In this modern era, many data processing devices are
digital, so the output data processed through the devices must
be discrete. Some examples include electroencephalography,
electrocardiography, electrooculography, and even Microsoft
Excel, which require discrete input, such as creating a graph.
However, the data processed typically originates from
functions or continuous data. Therefore, processing data
through digital devices requires a concept for transforming
continuous data into discrete data. The signals simulated in
this study are continuous, but because the DFT operates on
discrete signals, another idea is needed to transform
continuous signals into discrete ones. A constant signal will
be sampled into N samples with each sample point equally
spaced, using a distribution called the Dirac delta. The Dirac
delta is a distribution function that brings continuous points to
discrete samples. This sampling model is known as the
impulse sampling technique [13].

Understanding the mathematical structure of the DFT is
essential because its basic concepts will provide insight into
the space in which the DFT operates. The preliminary
assumption regarding the DFT space is based on a finite-
dimensional Hilbert space, specifically the vector space C"N.
This space has an inner product structure that supports the
concepts of orthogonality, norms, and projections [14].
Therefore, this research aims to explore and prove the
existence of the DFT within the framework of Hilbert space
and investigate other mathematical properties associated with
it. The objectives of this research are: (1) to prove that the
DFT exists in Hilbert space and demonstrate its mathematical
properties. (2) To investigate the frequency characteristics of
EEG signals in a finite-dimensional Hilbert space. EEG
analysis has become a promising and rapidly growing field of
study to understand how the human brain is detected [8].
Theoretically, this research enriches the study of DFT in
linear algebra and Fourier analysis, serving as a reference for
future theory development. Practically, the study of DFT has
numerous applicative benefits, such as in digital signal
processing, data compression, image processing, signal
reconstruction, and others. It also provides conceptual
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references for Fourier analysis, linear algebra, and signal
processing. This research can also be further developed in the
fields of advanced and applied pure mathematics.

Il. METHOD
The research flowchart is presented in Figure 2.

Figure 2. The research procedure

Based on Figure 2, in detail the research was carried out with

the following stages:

1. Establishing a mathematical framework based on a finite-
dimensional Hilbert space, including: (1) defining EEG
signal vectors as elements of the Hilbert space. (2)
Determining an orthonormal basis using a complex
exponential function. (3) Formulating an inner product to
measure signal energy.

2. Toanalyse the inverse DFT by rearranging the signal from
the frequency domain to the time domain in the following
order: (1) Writing the inverse DFT formula. (2) Proving
the isometry between the time and frequency domains. (3)
Testing the consistency of the signal reconstruction
results.

3. ldentifying relevant mathematical characteristics of the
DFT, including: (1) Examining linearity, orthogonality,
and periodicity. (2) Demonstrating conservation of energy
(Parseval's theorem). (3) Assessing the stability of the
transformation against noise.

4. Converting continuous EEG signals into discrete data,
including: (1) Determining the sampling frequency
according to the Nyquist theorem. (2) Performing
amplitude quantization. (3) Constructing a discrete vector
representation for analysis. Electroencephalogram (EEG)
signal recording is an effective method for determining the
brain's electrical activity and learning a lot about how the
brain functions [15].

5. Implementing DFT for EEG spectral analysis, including:
(1) Retrieving EEG data from a specific channel (2)
Applying DFT to obtain a frequency spectrum. (3)
Interpreting the results in a neurophysiological context.

I1l. RESULTS AND DISCUSSION

A. Hilbert Space Structure in The Discrete Fourier

Transform (DFT)

Before proving that the DFT is in Hilbert space, it will first
be shown that the space defined for the DFT is
CN ={z=(2¢,24,...2y_1)|2; EC,Vi=0,1,2..N — 1}
is a complex vector space. In this case, the proof will be
shown as follows. Take any u,v,w € CN with

ay + jbo Po *Jq0
wu=| @tib |, _| Pitia |
ay_1 -.l-"ij_l x?&}yi.quv_l
X1 +jy1
XN-1 -i'"j}/N—l

a;, b, pi,q,, %,y ER,Vi=0,12,..N —1 and 0 is the zero
vector and 4,1, 4, € C scalar. Next, we will examine the ten
axioms in the definition of vector space.

a. Closed to addition

Po *Jq0
p1+jaq

X0 +JYo

X1+

v+w= +

Pn-1tJAn-1 Xy-1+JYN-1
Po +J.CI0 + X +J.3’o
vtw = P1tjq + X +]q,
Pn-1 tJjAn-1t Xn-1 + jYN-1
(Po + Xo) +j (40 + ¥o)
v+w= (P1+x1) +j(q1 +y1)

(pv +xy) +j(ay +yn)
because p;, q;, x;,¥; € R,, s0 p; + x;,q; + y; € R so that
v+weC",vi=0,1,..,N— 1. Jadi C" is the closed to
addition.
b. The closed under scalar multiplication
For example A = r + js dengan r, s € R so that
ay +jb,
Au=(r+js)| @tih

ay-1 +Jjby_1
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(r +j.s)(a0 +]:b0) (xo +Po) + 7o + q0)
qu=| @ +is)a+jby) D+w= (e +p) +j01+q0)
(r +]'5')(a1v—1 "l'jbl\{z—l) (xy-1 + PN—1) +jOn-1 + FIN—1)
[ ray + rjby + agjs + j°sb, ] X +]'y0 Do +]'q0
/1u=| ra, + rjb; + a,js + jsh, [ viw=| * + 1 | P t+jq,
L”aN_l +1jby_1 + ay_1jS + jisby_q Xn-1+JYNn-1 Pn-1t+Jqn-1
with j2 = —1 v+w=w+v
(rag — sby) + j(rby + ays) So CV is the commutative property of addition.
= (ra, — sby) + j(rb; + a;) e. Has an identity element of addition
For example
(ray_1 — sby_1) +j(rby_1 + ay_15) g +]g
Because a;, b; ER s0 ra; —sh;,rh;+ a;s € R,Vi = 0=|21T"¢c v
0,1,2,...N — 1 so that Au € CV. Jadi CV is the closed under
scalar multiplication. 0+/0
c. The Associative to addition So that . .
aq + jb, Po +]'q0 0 +]'0
ut@+wy=| “Hh vro=| Py |00
-1+ Jjqn-1 0+,0
ay_1 + jby_1 Pr-1 .
(o + X0) + (90 + ¥o) (Po + g) +J (0 + 8)
+ (1 +x) +Jj(q +y1) v+0= (1 +0) +jg: +0)
(Pv—1 +2xy-1) +j(Gn-1 + YN-1) (-1 +0) -.|_j(q”_1 +0)
Ao +jbo Po + J40
. 4
u+@w+w)= a, +jb, v+0= P1TJq1 v
Pn-1+Jqn-1
-1 +J£N;1jqo %o + Yo The other side
+ p1t+iq + Xy +Jjy; 8 118 Po i]_%
0+v= |00 | Pitim
Pn-1tJqn-1 X1+ JYN-1
ay + jbo +po +Jjqo 040 Pr-1 T JAN-1
a, +jb, +py +jq, (0 +po) +j(0 +qo)
u+w+w)= 0+v= O+p)+j0+q)
an_1 + jby_1 +Pn_1 Tqn-
" X, 411']'1y0 o (0+py-1) +j(O +gy-1)
x1+jy; Po +Jqo
+ .
' 0 +v= P1 + J]q1 v
s + ) Pyt +J4
a N-1 N-1
(ao + IZO) +j-(bo + ZO) So that CV has an identity element of addition is 0.
u+@+w)= oo f. Having compatibility properties
(ay_1 +Py_1) + j(by_y + n-1) For example, A, =r +js, A, = g +jh _
Xo +JYo Po +Jdo
L atin M) =4, (g+jm| PrIE
Xy -|- _ . ) lpyv-1 tJqn-1
u+ W+ w) = (Ifl}z\_] D) +w [TPog — Tdoh +j740g + jTPoh + jSPog — jSdoh — Sdog — spoh]
So CV is the associative to addition |TP1g =@+ TG + TPk ¥ jsprg = js@ih = 5419 ~ spih]

d. The Commutative property of addition
(po + x0) +Jj(qo + Yo)
v+w= (1 +x1) +j(q1 + 1)

|
[rPn-19 —Tqn-1h +jTqn_19 + jTON-1h + jSDN-19 l
—jSqn-1h — sqn_19 — Spn-1h] J

———

(Pn-1+ xn-1) +j(@n-1+ YN-1)
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[(rDog — rqoh =5qog — spoh) +j(rqog + rpoh +5pog — Sqoh)]
I (rp1g —rq1h —sq1g — sp1h) +j(rq1g + rp1h + sp1g — sq.h) I

[Py-19 —TaN- 1h_SQN 19 —Spy-1h) +
Jrqn-19 + TON-1h + SPN-19 — Sqn-1 )]

The other side
M2A)v = ((r +js)(g +jh))

Po +Jd0
. +j
(MLA)v = ((rg — sh) + j(rh + sg)) P1 ___]ql
Pn-—1 T JjAn-1

Porg — Posh — qorh — qosg] + jlperh + posg + qorg — qosh]
[pirg — p1sh — qirh — qlsg]+1[p1rh+plsg+q1rg q,5h]

Pn-17g — Pn-1Sh
qn-1Th — qn_159

[ 1

| [ 1]
| J'
Sothat (1;4,)v = 4, (1,v). Its mean, to has compatibility
properties

g. Has a multiplicative identity

For example, one (1) in the context of complex numbers
is defined

]"‘][PN 1Th+ Py_159 + qn-17g — qn-15h]

1=1+j0 €C
So that
Po+Jq0
w=a+jo| PHa

Pn- 1+JCIN 1
q00 +j(1.q0 + py0)
-q,0+j(1.q; +p,0)

1.py —
1.p

—qyn-10 “‘_]'(1- qn-1+ Pn-10)
Po +Jdo
p1+Jq:

Loy

] Prn-1tJdn-1
h. Having zero properties
For example, 0 =0 +j0 € C

Po+Jqo
w=(+j0)| PHn
Pn- 1+JCIN 1
0.p9 = q00 +(0.q0 + Py 0)
— 0.p1 —q10+j(0.9; + p,0)
0.py-1 = qn-10 +j(0.qy—1 + Py_10)
Po +J40 0+/0
w=(0+jo)| PHB | =00~
Pn- 1+]qN 1 0+0

i. Having Distributive vector
(po + x0) +Jj(qo + Yo)
Aw+w) =21 (1 +x1) +j(q1 + 1)

(Pn-1+ xn-1) +j(Gn-1+ YN-1)

i

Po +j_% + X +]::V0
p1tJq t X+ jys

Av+w)=41
i Pn-1 +ngv—1 + Xy_1 +ij—1
Apo +jAqo + Axy + jAy,
A +w) = Apy +jAqy + Axy + jAy,

:APN—1 + jlql\'l—l + Axy_q + ]"A}’N—1
(Apo + jAq0) + (Axq + jAy,)
(Aps +jAqy) + (Axy + jAy,)

Av+w) =
| (ApN-1 +]:ACIN—1_) + (Axy_q +]:/1YN—1)
Apo + jAqo Axo + jAyo
Aw4w)=| Prtira || At
Apy-1 +jAqy-1) MAxy_y +jAyy_,
Do +]'Clo Xo +J'3’0
Aw+w) =1 P1tjqy +1 X1 +JjYq
Pn-1tJjqn-1] Xn-1t jYN-1
Av+w)=v+iw
Has scalar distributive
Pot+Jjqo
e
A +2)v=(1%4 +4,) P1 ___J(h
Pn-1 T JOn-1

(A1 + 2)po + (A1 + 42)jq0
A +2)p1 + (A4 + A)jgy

(A1 + 22)py-1 + (A + A2)jan—4
Por + Dotz +J(qots + qolz)
Ay + 2w = P11+ Py + (@A + q145)
Pn-1A1 + Py-142 + J(qn-1/A1 + qn-142)
(Pod1 +jqoA) + (PoA2 +jqoA2)
(P11 + @1 A1) + (P12 + a1 A2)

(Pv-141 +Jjan-1241) + (Pn-142 + jdn-142)
A1 (Do +Jqo) + A2(Po + jq0)
A (P1 +Jq1) + 2 (p1 + jq1)

4 +2)v =
Ay (Pn-1 +Jqn- 1)+/12(PN 1+ Jjan-1)
Po tJdo Po + Jdo
Oy + v = A, P1+i% + 1, P1tid
Pn-1 +]QN 1 Pn-1FJdn-1

M +2)v=4v+ 1,

Thus, the space defined in the DFT, C, is a complex vector
space under the operations of addition and scalar
multiplications. Furthermore, suppose CV isa complex vector
space with N components equipped with an inner product

defined as
N-1

(a,b) = Z acb}

k=0

JAIC Vol. 10, No. 5, October 2026: 4564 — 4581



JAIC e-ISSN: 2548-6861 4569
With a,b € CV two vectors with N complex components. N
Then, we will show that CV, with an inner product, is an inner (b,a)" = Z(kak + Qe yi) +J@eYi — Qi)
product space. The proof is as follows. Take any vy =0
Xo +JYo (b,a)" = Z(xkpk + Vi) +j (X Qi + YiPi) = (@, b)
_ X1 +jy1 k=0
a= Next, take any complex vector
[Xy_1 +JYN-1] To +]'50
and ' c=| M +Js1 ecV
Po +Jdo
b= P1t+iq N-1 TV{fN—l
[Pn-1 T+ Jqn-1] (a+b,c)= Z(ak + bi)cy
which are elements of the vector space CV such that V50
N-1
(a,b) = Z by, {a+bc)= Z(akck + bicci)
k=0
with by, is a complex conjugate b,,Vk = 0,1,2,...N — 1,
. b;é=pk—k]'% (a+b,c)= Zakck+2bkck
So that
N—1 {(a+b, c) (a c)+(b c)
(a,b) = Z G+ 790 (P = a0 Then, for a, the complex scalar -
vo1 0 (aa, b) = Z(aak)bk = az aybj, = ala, b)
by = Z » o o
{a,b) XiPre = J Xk TP = Yk Next, its positive- deflnlte nature will be demonstrated.
Nop 0 N-1 N-1
(a,b) = Z Xk — JXk Gk + JYiPk + Ve j? = —1 (@ a)= Z e = Z(xk 1) (e = i)
k=01 =0 w1 = N-1
— 2 ; 2 _ 2 2
(a,b) = Z (eePr + Yieqie) + 7 (=% + YicPi) (@ a)= Z Xie = J*ie = Z Xic + Vi
- k=0 k=0
The other side =0 Because xk,yk for each k =0,1,2,...N — 1 has real value

N-1 *
(b,a) = <Z bkaz>
k=0

— jyy so that got,_
N-1
(b,a) = (Z @k +Ja) (X = jyi) )
k=0

N-1
(b,a)* = (Z DX = JPkYi + J QX — J* A Vi )

k=0

with aj, = x;,

N-1
(b,a)" = (Z DXk — JPiYie T JqiXi + Qe ) JE=-1
k=0

N—-1
(b,a)" = (Z PrXk + Qe Yi) +J(—PrYie + AieXy) )
k=0
Based on the theorem
Re(S*)=XN_.x, danIm(S*) = =YN_, vy, ifS*
conjugate of S.
Then it is obtained
N-1
(b,a)" = Z DX + Qe Yi) — J(—PrYie + QieXi)
k=0

then x2, yZ non-negative real so that

{(a,a) >0
fora=0ecCV

(0,0) = 202+0

Sothat{(a) = Oifa € (CN Thus €N, equipped with an inner
product, is an inner product space.

Since CV fitted with an inner product is an inner product
space, it has been proven that CV is also a normed space
because, based on the definition of an inner product space,
each element in the vector space CV has a length or norm,

namely
1

N-1 2
Il al={a, a)% = (2(9% + jyi) (xk _ij)>
k=0

1

N-1 2
= (Z +y,%> <w
k=0

Then, to prove that CV is a Hilbert space, it must first be
shown that CV is a complete metric space. The proof is as
follows. Suppose x,y,z€ CY complex vector of N

components and
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Xy =a,+jby €Ex,y, =c,+jd, €Y
Zy=e,+f,€zvVk=012..N-1
So that
ao +jbg
a, +jby

lay_q + jby_1]
[ ¢ot+Jjdy ]
¢ +jd;

LCN-1 +]:d1v—1-
eo +jfo
e; +jfi

ley_1+jfv-1
With using definition: A metric space is a pair (V,d), where
Visasetand d isa metric on V (the distance of a function on
V), a function defined on V' x V such that for all x,y,z € V,
it must satisfy
(@) Clearly, d is real, finite, and nonnegative, as seen in the
proof of the norm space above and in the positive definite
evidence in the proof of the inner product space.
(b)=>d(x,y)=0
dx,y) =llx—yl

1

(x—y,x— y>% = <Z (xe — ¥i) (e — m*)
k=0

1

N-1 2
= (Z (@ = ) =2 (b - dm)

k=0

1
1 =

) (,Z ((~Cee = @) = (=i — bk>)z))2
72

N-1
d(x,y) = (Z ((cx — ak)z _jz(dk - bk)2)>
k=0
1

N-1 2
dlx,y) = (Z (ay — i)+ (b — dk)2> =0
k=0

The equation is fulfilled if
(ax — ) =0

dan

(by —d)*=0,vk =0,1,2,...N — 1.
So a; = ¢, dan by, = d,, so that

X =y.,Vk=012,..N -1,

the consequences x = y.
ex=y
Because x = y, maka x;, = y, the consequences a; = ¢,
and b, = d,, foreach k =0,1,2,...N — 1 so that

1

dlx,y) = (Z(ak — )+ (b — dk)z)
k=0
d(x,y) = (Z(O)ZHO)Z) = (Z o) =0
k=0 k=0

Soitisproventhatd(x,y) = 0ifandonlyifx =y
1
@dxy) =lx-—yl=(x—-yx—-y)2

(x—yx— y)% = (Z(xk — Vi) (X — yk)*>
k=0

1

- (Z ((ax = c)? = j(by — dk)Z))
k=0

i (Z ((~te = @) = (~(ay - bk))z))
k=

0

= (2((% —a)* —j?(dy — bk)z))
k=

0

1
2
1/2

1
2

= (2()% - xk)((ck + jdi) — (ay +jbk))*)
k=0
1

N-1 2
(x—y,x— Y)% = (2()’k — ) i — xk)*)
k=0

1 1
x—yx—yz=(y—xy—x)?
1

N-1 2 1
(Z e —x )Y — xk)*> =(y—x,y—x)2
k=0

So that

1 1
x—yx—-yz=(y—-xy—x)2
(d) We will prove the triangle inequality.
dix,y) =llx—yl
Note thatx —y = (x — z) + (z — y) so that
dx,y)=ll(x—2)+(Z—-y) |
By using the vector norm inequality
dx,y)=ll(x—2)+(Z—-y) |
dx, )<l x-2) I+l -y
d(x,y) <d(x,2) +d(z,y)
Next, we will demonstrate that the vector space CV is a
complete metric space, meaning that every Cauchy sequence
converges in CV. Let {x(™} be any Cauchy sequence on C¥
defined as follows.

XD = (30,2 D
X® = () D O
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x(n) = (x(n) xin),xgn), . xl(\ln—)l j2nnk s j2mnk
is a Cauchy sequence meaning that for every & > 0, there is Flea) = Z(C‘ln)e No= Z ane N =cF(a)
such that for holds n=0

ny €N every n,m=n, it
d(x™,xM) < ¢, take any £ > 0, such that,
d(x("),x(m)) - ”x(n) _ x(m)”

= (x® — x M)y () _ x(m)yz
N-1 %
d(x™, xm) = (Z( () _ ) () _ m))*>
d(x™, xm)? = le(n) X[

Note that x,((") is the to k component of the sequence n such
that

™ — x| <Z|x(n) 2L = d(x™, xm)?

|x(n) ,Em) < ¢2
|x(n) Igm)l <e

This means that every component of the sequence {x ™} in
the complex field is also a Cauchy sequence. Then, since the
sequence {x™} is in the complex vector space CM with
complex N, every component of the sequence {x™}, namely
x}({n)’ will converge to one of the components of the sequence
in CV. So CV is a complete metric space. So that V equipped
with an inner product is a Hilbert space.

B. DFT inverse

After knowing that CV is in Hilbert space, we will next
show that F: CV¥ - CV, where F is a unitary operator. First,
we will prove that F is a linear operator. Take any a,b € C¥
with

ag b,

a, b

a= ,b=] "1
an-1 by_q

such that by using equation (2.3)
N-1

_Jj2mnk
F, & Z fle N
=0

The following form is obtaiﬁed,
ply j2mnk

Fla+b) = Z(an +b)e N

N-1
j2mnk
F(a+b) = Zane N
n=0
Then for a scalar ¢

N-1
j2nnk
+ b,e N

n=0

=F(a) + F(b)

Since F is a Ilnear transformation and the domain and
codomain are in the same space, namely CV, F is also a linear
operator. Next, we will prove that F is bounded using
Definition-1.
Definition-1:
Suppose X and Y are normed spaces. A linear operator
T:X — Y is called a bounded linear operator if there exists a
positive constant ¢ > 0 such that

ITCNly < cllxllx
Previously, it was proven that CV is a normed space. The
proof will be outlined as follows.

IFPllen = (FP)F)E = (F,F)2

IFPOlley =
IFPlley =
N-1 |N-1 ) 2 N—1 N—1 2
_j2mnm j2mnm
fne N = fne N )
m=0 In=0 m= 0
N-1 ,N-1 N-1 ,N-1 2
]Znnm jZn:nm
S e
m=0 \n=0
Because
j2nnm 27mm 2nnm
|e N |cos +]sm< >|=1
N
So that

2
3 =
1l I
(=} =
N
ﬁ =
L A

IH
s
-
3
=3
3
N———
N
Il

N-1 ,N-1 2 N-1 2
_j2nnm

m=0 \n=0 n=0

N-1 ,N-1 2 N—1 2
_Jj2nnm

m=0 \n=0 n=0
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N-1 2
( ]2nnm>
m=0 \n=0
N-1 ,N-1 2
m=0 \n=0

N-1 ,N-1
> (> |
m=0 \n=0

So that IF(FII? v < NIIfII? v as a result there is c = N >
0 so [IF(OIIZen < NIIfII*on. So that F is a bounded linear
operator. Finally, it will be shown that F is unitary. Another
representation of a linear operator can be using a
transformation matrix of the form F = Af or F = F, (f).
Definition-2

The normalized DFT is defined as

_Jj2mnm

(NZ fn-fn*> = N(f. 2
n=0

T ) = NlIflln

ar Z ]Znnk
\/_
the normalized form of the DFT |s
]Znnk
j:(,f) def \/_Z
N—-1
T(f) qer Z ( f ]Znnk)
\/_ n
N 1
1 ]Znnk
Fo = F(f) = Z (e " 5)
:F(f) F 1 Znokf 1 _j271:1kf
= = N +
k \/N 0 \/— 1
1 _j2r(N-Dk
+—=e N _
\/N N-1
[ o]
| F1 |
Because FE CNso F = I F Iwith k=0,12..N—1.S0
k
| .|
lF,_, =
that
Fy
F.
Fi(f)=F= 1
'zFéYﬁ(lo)
j2m . .
- j2m(1)(0) Jj2n(N-1)(0)
|r e N e N .. e N ]| fo
1| _j2n©@ _j2n(N-1)(1) | 7
“w " ¢ |
| e e | f'"
l _j2m(0)(N-1) _j2r(N-1)(N-1) J N-1
e N e N
With

l[ e ]anvﬂ o 1'277(13>(0> . 1‘2n<NN—1)<o)]|
| _jer(N-1)(1)

e e N |7

]27"-'(0)(1)

j271:(1\.1.—.1)(N—1) J
e N
The conjugate transpose form of matrix A is

1
VN
[ 127T(0)(N 1)

I[ LY j2m(0)(1) j2m(0) (N~ 1)]|
e N . e N

1| 2z j2n)(N-1) |

= \/_NI e N e N |

[ j2n(1.\}.—1)(0) j2n(N:1)(N—1) J
e N e N
Definition-3
Suppose V is a complex Hilbert space. A bounded linear
operator T: V — V is said to be unitary if
T*T =TT =1
With T* the conjugate transpose.
Based on definition-3, obtained

[ PO j2r (@) 2r©W-1]
e N ..e N |
1] j2r)(O j2n((N-1) |
A*A = ——| e N e N |
N |
| ]2n(N 1(0) j2n(N—1)(N-1) |
e e N
[ e—% 21 (©) j2n -1 |
| e N e N |
1] _ji2r@@) _j2r(N-1)(1) |
_I e N e N |
N |
l jZ?T(O)(N—l) _jZﬂ(N—l)(N—l) J
e e N
N=1 N=-1 N-1
j2m( (OJ(\l (s)(0)) Jjar((0)(s)=(1)(s)) Jj2r((0)(s)-(N-1)(s))
e e N . e N
s=0 :ZU 5=0
N-1 N-1
1 Mﬂf(l)[\} (5)(0)) ,zn(m(\] (N-1)(s5))
e
=0 Z
= jer((N= ]) 5)= {'»)(0)] = ]ZH((N 1)(s)=(N=1)(s))
e e N
s=0 s=0
& jen(©) = jan( (s)) & jen(-v-0e) |
e N e Z e N
s=0 s=0 s=0
1l E e = (W E-- )
1 5
N 5=0 s=0
T jer(v-1)(s) - 277:((N 1)(5) (N-1)(s))
g S

r
71

=0

Note that for e® = 1, so that X ¥-! e® = N, and for e 5 Wlth
p*0 than

e j2m1 j2m2 j2m(N—-1)
Ze’z’“—e +te N te N t+-te N
s=0
0<( j2n1)N 1)

N-1 e e N —

s _ _1a-1 _

e = J2nl = T2m =
5=0 e N —1 -1

@ 1)
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So that FYF) = (4.2)
1 N 1(\)1 0 1 (i 0 Then, the inverse form of DFT can be obtained as follows
AA==|0 = 0]1=10 o 0= S jen() E jen(-) O jen(-v-0) |
Nl 0 -0 e N e N L. P A
0 0 n] o 0 1 Z Z Z
The other side . N_lejZZ(s) Nzlejzn((n(s) N-1)(s))
AA* A=
j2m(0)(0) . =0 . s=0
[ - 60 _j2n(N-1)(©@)] vt N1
| € e~ e N | j2n((N-1)(s)) J2m{(¥=2)(6)=(W=1)(5)
1| 12n(o)(1) _i2n(v-1)(1) | Ze N Z
| e e N I -5=0 s=0
VN
[ jZTL’(O)(N 1) jem(N-1(N-1) J N 13 0
e e N «2_10 0] = Ny
j2m(0)(0) 2 (0)(D) 2 (0)(N-1) AA=15 ) =
o B s 0 . 0N
Py 1] j2r@(© 12n(1)(1v 1) | A*A = NI
_.—7v| e N e N I A = NA-
[ j2m(N=1)(0) j2r(N-1)(N-1) J ALy (4.3)
N-1 € N € N ] N
—1 jan((0) N n(-) N jen(-(N-1)(s))
e N e N Ze N Because
=0 s=0 s=0 j2m(0)(0) , .
7 - j2m(1)(0) j2m(N—-1)(0)
1 & e = (-1 |[ e N e N . e N ]|
=3 e N Ze | _izr@® _jem(N-1)(1) |
s=0 s=0 A= I e N e N |
N-1 o N-— | |
j2rn((N=1)(s)) 2n((1v 1)(5) (N-1)(s)) l _j2m(0)(N—1) _j2m(N=1)(N-1) J
e N e e N e N
Ls= N 0 0 s=01 0 0 Jthen
anr=2lo N woof-fo 1 . o]- | S D]
"N o U . = ; 0 5 ; - b I Realo ejzﬁ(ll)v(zv—l) I
Since it has been proven that AA* = A*A =1. So that F isa | |
unitary operator. Since F, is a unitary operator with M w ]
- - e
transformation matrix A4, then L S0, based on equat|on (4.3)
L A=Aa . [ 2ro© j2m(0)(1) 2 @W-1]
Therefore, the DFT with operator F has an inverse; then, after | ¢ v e N .. e N |
knowing the existence of the DFT inverse, the next step is to 1| j2r()(© j2r(DH(N-1)
iy A—l I N - N |
prove proposition-1. ﬁi e e |

Inverse form of DFT
o, N—1,

We define a DFT of a sample
_ f & {fadnzo
(possibly complex) as a vector of

ermk
def
Fy E fne

To find the inverse form of the DFT. The structure of the DFT
inverse mapping is in the form.
-1 cV -V
{F - F(F) =f
Therefore, the inverse DFT in the transformation matrix
representation will yield.

with

| j2m(N-1)(0) j2r(N—1D(N-1)
e N e N

Therefore, by using equation (4.2)

FUF)
[ ew Jj2m(0)(1) 1'277(0)(”‘1)]' F
e N P 1 N 0
Y O] J2n()(N=1) [| Fi
_Ni e N e N |
SO prvne-n |
e N

j2mnk
FL(F) = NZF e W

So, the inverse DFT is in the form

FUF) = fy = NZ

j2mnk

FeN.

C. DFT Properties
a. Linearity
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The linearity property is self-evident since the DFT isa
linear operator, but perhaps what has not been proven here is
its inverse linear form. For example,

CV = (F™ = (F, Fy, o, ET™, .. Fy_1)|Fy € C,Vk

=0,1,...N—1,meN}
and form a function so that
F® = FO 4 ¢,F® e cV
with ¢,, ¢, scalar, such that

N-1
1 j2mnk
T—I(F(S)) — fn — Nkz_o F(3)e N

0<n<N-1)

N-1
1 j2nnk
F1(c; FD 4 ¢,F®) = NZ (chk(l) + csz(Z))e N
k=0
1 = j2mnk j2mnk
F e, FP + ,FP) = —Z FPe N 4 ,FPe N

1(ch(1) + CZF(Z))

1 ]Znnk
Nz ch( )

(2) ]Znnk
N Z c,F. e
T‘l(chk(l) + CZF(Z))

N—-1 " X N-1
_a @, J2mnk G @,
F, N +—= > F,
N N £

1(C1F(1) + CZF(Z)) — le(l) + sz(z)

b. Period|C|ty It will be proven that
Fn+N - F

N-1

—j2nnk
E, —kae N

N-1 N-1
—j2n(n+N)k —j2nnk—j2nNk
Foin = Z fre N = Z fre N

]21'mk

k=0
—j2nnk —]271'Nk
n+N - Z fke N
o
—j2nnk X
Foow =) fue” N e
k=0
N-1
—j2nnk
Foin = fre NO=E
k=0
Cc. Symmetry
(a) Suppose f, isreal forevery0 <k <N -1
N-1
—j2nnk
E, = Z fre N
k=0

= —2nnk . (—2mnk
FnZ;fk cos( N >+jsm< N )

The real and imaginary parts of F, are presented in the
following equations

(4.4)

Re(F,) = Nz_:lfk cos <_217mG)
k=0

Im(E,) = Nz_lfk sin <_2]7mG)
k=0

Reform equations (4.4) and (4 5) above into functions

g(n) = Re(F)—ka cos (= 2””")

g = Z fecos (Z)

Znnk)

(4.5)

h(n) = Im(F,) = Z fx sm<

2nnk
h(n) = Z fx sm< m )
note that

g(-m) = Z fcos ()

g(-n) = Z fucos (2

h(—n) = Z fx sin <2n(Nn)k)
h(—n) = Z fx sm< ) = —h(n)

So, for real f, we get Re(F,) an even function and
Im(E,) an odd function.
(b) For example, f, of imaginary was the component of

)= gn)

leth fk =jak
N-1
—j2nnk
E, = fre N
k=0
N-1
] —2nnk . (—2mnk
FE, = jayg cos( N )+]sm( N )
k=0
N-1
E ( (—27mk> ] <—27mk)) 4.6)
= jay cos — a; sin .
£ N N

=0
ased on equation (4.6)
N-1

g(n) = Re(F,) = Z (_aksm (—217mG)>
gn) = N- 1<aksm <27rnk)>

k=0
N-1

h(n) = Im(E) = Z <akcos (—217mG)>

k=0
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h(n) = Nz_:l (akcos (21;1k>>
k=0

the other side
- [(2n(—n)k
a.sin N

g(=n) = — <aksm 2""k >= —g(n)
k=0
k=0

S 1<a cos (_21r( n)k))
k N
h(—n) = Z <akcos (21;7]()) = h(n)

k=0
so that Re(F,,) is an odd function and Im(F,) isan
even function if f;, is imaginary
(c) If f; isreal and the function is even then

fok IT_{—IHN = fi

—j2nnk
F, = Z fre N
k=0
—2nnk . (—2mnk
E, = fr (cos( N )+]sm< N ))

N-1

g(-n) =

BN

h(—n) =

b

k=0
The other side

N-1
—j2nn(=k)
F, = Z f-xe N
k=0

< 2nnk . (2mnk
Fn:;fk cos( N )+]sm< N >

Add up the two E, to get

Y E)
k

=0
N-1

. ; . (COS (2nnk)) Z . (COS (27§Vnk>>
Z . (COS (27T(Nn)k>> E

So that F |s real and even
(d) If f, isreal and odd, then f;, = —f_k4n = —f-x
N-1

—j2nnk
FnZkae N
N-
< 2nnk . (2mnk
=Z fr cos( ) jsm< N )

k=0
By replacing k with -k

F, = fx (cos (hnT(—k))
. (2mn(=k)
—jsin (T)
F, = Z fx (cos <27Zlk) + jsin (27;7]()>

Add up the values of F,, so that

2E, = ; fox (cos <2 ;k) + jsin (27;11()>

N-1
4 (Znnk)
fi | cos N

k=0
<2nnk>
Jsin(—
N-1
2nnk
2, = 3" cos () (e + i)
k=0
. (2mnk
+jsin () (e — )
Since f;, is odd, then
fe = —f-k
So that
N-1
. (2mnk
E, = —22]fksm< N )
k=0
N-1
. (2mnk
E, = —k_ojfksm< N )
So F, is imaginary. The n replace n with -n such that
< - (—2mnk
=3 isin( 22
k=0

2nnk
F_, Z}fkmn( ) -F,

So F, is odd and |mag|nary
(e) If f;, is imaginary with f,, = ja, and even, that is,

fe = fokan = fok
N-1

—j2nnk
FnZkae N
< 27mk>+ ] ( 27mk)
jay | cos N jsin N

N-1

0

ZII

. ] 2nnk . (2nnk
Fnzkz(; ]akcos< N >+aksm( N )
By replacing k with —k
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N-1
) 2nn(—k)
E, = Z ja_j cos (T)
k=0
) 21Tn(—k)>
+ a_ksm( N )
N-1
. 2nnk . (2mnk
F, = Z, ja_g cos( N )— a_ksm( N )
Sum the values of F,
- ) 2nnk . (2mnk
2F, = ja, cos N >+ aksm( N )
k=0
N-1
4 ) <2nnk>
Ja-y cos{—
k=0
) <2nnk>
a-ysin|—y
N-1
2nnk
2F, = (j cos( N )(ak +a_y)
k=0

+ sin (27;7]() (a, — a_k)>

Because f;, is an even function, then f;, = f_

Asaresult, a, = a_,

N-1
) 2nnk
2F, = Z (]Zak cos( N ))
k=0
N-1
) 2nnk
E, = (]ak cos( N ))
k=0
N-1
) —2nnk
e (s (%)
k=0
N-1
) 2nnk
F,= (]ak cos( N )) =F,
k=0

So E, is imaginary and even.

(f) If £, isimaginary and is an odd function, then f;, =

—foken = —fk
N-1
—j2nnk
E, = Z fre N
k=0
N-1
—2nnk . (—2mnk
F, = jay cos( N >+]sm< N )
k=0
N-1
) 2nnk ~ (2nnk
F, = Z, ]akcos< N )+sm< N )
By replacing k with —k
</ 2mn(—k)
F, = ja_j cos (T)
k=0

+a_ sin(
k N

21m(—k)>>

k=0
Add up E,
N-1
) 2nnk
2E, = Z (] cos( N )(ak +a_y)
k=0
2nnk
+ sin( N ) (a, — a_k))
Since f, is an odd function, meaning a;, = —a_;
- . (2mnk
2F, = 2aksm< N )
k=0
N-1
. (2mnk
F, = kz aksm< N )

. (—2mnk
F,= aksm< N )

So that E, is real function and odd function.

D. Discretization of Continuous Functions

The process of transforming continuous data f(t) into
discrete data in this study will utilize the impulse sampling
method. This method uses the Dirac delta series, as shown in
definition-4.
Definition-4
Dirac delta is a distribution defined as

5(t) = lim By (1)

67(t) = Xy=—e 6(t — Ty).

The sampling technique that will be used is impulse sampling
using the Dirac delta. Impulse sampling is a mathematical
procedure by multiplying the desired continuous function as
a sample by the impulse train §;(t) which is defined as

50 = ) 8(t—nTy)

n=-—oco
Since the Dirac delta cannot be realized geometrically, its
representation will be approximated by the pulse box function
in Definition-5.
Definition-5
Pulse, with length k and height 1 is called Rect (%) whit

k
|(1,|t| <

2

t 1 k
wer(f) = {3104
ec X 2,|t| >

k
kO,ItI >§.

The function has a length of k, the representation of the Dirac
delta in this study uses the box function which is defined as
follows.
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B,(t) = %Rect (%)

This method is a mathematical procedure that multiplies a
continuous function by the Dirac delta series, which means
that each sample point selected from the continuous function
will be brought by the Dirac delta to the value corresponding
to the function, so that the form of the sampling model is in
the form of a sum.

©(0)8,(8) = x(b) Z 5(t —nT,)

n=-oo
oo

(08 ()= Y x(®)5(t - nT,)
n=-—co
Definition-6
Dirac delta or unit impulse is defined
6(t)=0,t+0

f o(t)dt=1

According to Definition-6, The Dirac delta 6(t) is zero
everywhere exceptatt = 0, so §(t — nT;) is zero everywhere
except at t = nT;, with n was an integer and T, the distance
between samples. So that the form of the sampling model is
= (4.6)
%(6) = X(D)8;(0) = ) x(T (e —nT,)

n=-oo

For example, if there are N samples, then the sample value
model becomes

xe, (1) = x(t)6(t — t,)
xg, (£) = x(£,)0(t — t5)

Xey (8) = x(tEy)S(t —ty)
With x, , the function value of the t,, sample or the amplitude
of the to-n Dirac delta. For example, the function

sin(t)
f@=i"¢ t*0
1,t=0
The graph of the function f(t) is shown in Figure 4
fit) =sin{t)it
Lo f\l

08 il
06 } |

04 ‘I |

f(t)

02 | |

0.0

sin(t)

Figure 3. Graph of f(¢) = -

For example, N = 61 samples will be selected with the
distance between samples T, = 1 in the interval [—30,30]
and

L= f@T)8E—nT,)

n=—oo
it values in the Dirac delta are as many as the chosen samples.
Figure 5 below shows the impulse series values.

Deret Impulse Brft - i)
1 1
5

-IIU IS E- 5 lb 5 0 IIS ;0
The impulse series will bring the value f (t) from the selected

Figure 4. Existence of impulse value
sample point to the value corresponding to f(t), and values
that are not selected are considered non-existent or not carried
by the Dirac delta. So, the Dirac delta amplitude is calculated
from the following equation (4.7).
f:@®) = f(=30)6(t +30) + f(—29)6(t +29) + -
+ f(30)6(t — 30)

12

]

il

1

@) = %6(1& +30) +$6(t +29) + -
sin(30) 5(¢ — 30)

Some amplitudes of each Dirac delta are shown in Figure 6.

, Amplitudo Dirac delta

-1

T T T T
-10 0 10 20 30

Figure 5. Dirac delta amplitude
The result of discretization the function f(t) is shown in the
following Figure 7.
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diskritisasi fungsi fit) = sin{t)/t

L0 8 impulls sampling

Nilai Sampel

Figure 6. Function sampling results of f(t)

E. Application of DFT

One application of DFT in the biomedical field is the
processing of EEG signals. The brain waves measured by an
EEG are naturally continuous. Therefore, EEG devices
typically facilitate the transformation of constant signals into
discrete ones. The EEG signal output measures waves in the
time domain in discrete form [16], normally programmed into
the device with a sampling rule. For example, an EEG device
with a sampling frequency of 160 Hz. This means the EEG
will record 160 brain activity samples per second. DFT can be
used to process discrete-based EEG data in the time domain
[17]. DFT processes discrete EEG signals in the time domain
to convert them into the frequency domain [18]. Frequency-
domain analysis of EEG signals provides valuable insights
into neurological and psychological conditions. The purpose
of DFT in frequency analysis is to calculate the magnitude
(amplitude) and energy, which can provide conclusions about
brain conditions.

For example, a mathematical model of brain waves is built
using a sinusoidal approach consisting of several frequency
components in the range v; € [16 — 30] Hz, which is the
range in the medical and neurophysiological world, and an
amplitude of 10 — 100uV or 0.01 — 0.1mV is classified as a
beta wave. Beta waves appear when a person is awake,
focused, and actively thinking. The mathematical model in
this study is constructed from several sine waves assumed to
be 'similar' or close to the beta waves in Figure 3, each lasting
1 second under the specified condition. The wave equation
model is shown as follows

10
f) = ZA,- - sin(2mv;t + @;)
i=1

f(t) =0.07sin(2m(16)t) + 0.08 sin(2mw(17)t)
+0.05sin (2n(18)t + g)

+ 0.04 sin (2”(19)t + g)
+0.03 sin (2(20)t + %)
+0.09sin (2m(21)t + %)
+0.012sin (2m(22)¢ + %)
+0.025sin (2m(26)t + %)
+0.099 sin (2m(28)¢ + %)

V3
+0.01sin (22(30)¢ + Z)
f(t) = 0.07 sin(32nt) + 0.08 sin(34mnt)
i Vs
+0.05 sin (36t + g)

4.7)

+0.04 sin (38t + %)

+0.03 sin (40t + g)

+ 0.09 sin (427l't + g)

+0.0125sin (447t + g)
+ 0.02sin (527l't + g)
+0.099sin (567t + %)

+0.01sin (60t + %)

The continuous model graph of equation (4.8) is shown in the
following Figure 7.
Model Gelombang Otak Selama 1 defik

-2

-4

[} Gj] UIJ U.‘ﬁ Eljﬂ 10
Wiaktu (detik)
Figure 7. Graph of the function f(¢t)

Figure 7. Graph of the function f(t) from equation (4.8)
The equation model (4.8) will meet the Nyquist criterion if
Vg > 2VU,4,- From the model, it can be seen that the largest
frequency is at v,,,, = 30 Hz; therefore, the sampling
frequency of the model must v, > 60 be greater than 60 Hz.
This is important to avoid aliasing and to take the distance
between samples. Next, the model in equation (4.8) will be
discretized using impulse sampling in the interval [0,1]. For
example, the sampling frequency v, = 1000 in this case
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means that 1000 samples are taken per second T, = 1011

seconds, or 1 millisecond, a sample is taken. Thus, the
sampling points follow the form ¢, = 04+—s=

1000
ﬁ,Wheres =0,1,2,..,N—1. nT, represents the
in this case, t;=n, T

selected sample, so s = To00"
consequently n =s. Therefore, based on equation (4.7)
adjusted to a nonnegative n value, the sampling model is
n-t (4.8)
£ = Z |0.07sin(327t) + 0.08sin(34nt)

n=0

N

+0.05 sin (367t + %)

+0.04sin (387t + %)

+0.03sin (407t + g)

+ 0.09sin (421tt + g)
+0.0125sin (447t + g)
+ 0.02sin (527‘[t + g)
+0.099sin (567t + %)

+0.01sin (60t + %)] 5t

—nTy)
Because the Dirac delta only carries the selected sample,
while outside the sample the Dirac delta will bring its value to
zero, then

N-1 (4.9)
f.(nT,) = Z [0.07 sin(327nT,)
n=0
+ 0.08 sin(34mnTy)
Fis
+ 0.05sin (367'mTS +

8
+0.04sin (387nT, + .

)
)
+0.03 sin (40mnT, + g)
)

T
+0.09 sin (427nT, + 3

+0.012sin (447nT, + g)

+ 0.02 sin (SZnnTS + g)
+0.099 sin (56707, + %)

+0.01sin (60T, +2 )] 8¢
4
—nTy)
because t € [0,1] and the sample selection follows the form

0 1 2 N-1
nT, = —, namely nT, {—,——,——, ...—}, the number
1000 100° 10001000 1000

of samples is
N—-1 1
1000
N —1=1000
N =1001

So that the form of equation (4.10) can be simplified to
1000 (4.10)
fi = Z [0.07 sin(32nnTy) + 0.08 sin(347mnT,)

n=0
+0.05sin (36mnT, + %)
+0.04sin (38mnT, + %)
+0.03 sin (40mnT, + %)
+0.09sin (427nT, + =
3
A
+0.012 sin (447nT, + E)
+0.02 sin (52T, + g)
+0.099 sin (567nT, + %)
+0.01sin (60T, + )] 8¢
sy
—nTy)
With f; indicating the discrete value or discrete signal to s.

The Dirac delta value in equation (4.11) will only be zero
everywhere except in the selected sample. For example, the

sample chosen is % indicating that the point is located in
the sample at s = 1000. Then, the Dirac delta value will be

1000
equal to zero everywhere except at To00 - 1, so that
1000

Fooo = Z [0.07 sin(32nT,) + 0.08 sin(347nT,)
n=0

+0.05sin (367nT, + g)
+0.04sin (387nT, + g)
+0.03sin (407nT, + g)
+0.09sin (427nT, + g)
+0.012sin (447nT, + g)

+ 0.02sin (527rnT5 + g)
+0.099sin (56mnT, + )

4
+ 0.01sin (607mTS + %)] 6(t —nTy)
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CreSM 7000 T 2

+0.02 (52nn+n>
Sin{ 7000

+0.099 (56 n ”)

sin{To00 * 2

+0.01si (607m )]
01sin{ 7500 *2)]9C 1000)

fi000 = [0-07 sin(0) + 0.08 sin(0) + 0.05 sin (g)

+004sm(6)+003sm(§)
+009sm(3)+001251n(§)
+0.02sin (5 )+0099sm(7D

+0.01sin (Z)] s(t—1)
So that the value at the 1000th sample, namely t = 1, will be

brought to 0.259 by the Dirac delta, which in this case

represents the Dirac delta weight at point t = 1.
qrafik Nilai diskrit flt)

& impulls sampling

02

-04

0o 0z 04 06 08 L]
t

Figure 8. Function graph of f;
Next, after obtaining a discrete signal, signal processing can
be performed in the frequency domain using the DFT, as
shown in equation (2.3).

N-1
_Jj2mnk
F, Z fe W
=0

For example, f; = f, because it was previously explained that
the indexs =n=10,1,...1000

1001-1

_Jj2mnk
Fk = fne 1001
n=0
1000
_Jj2mnk
Fk = fne 1001
n=0
j2mok j2mik j2m(1000)k

F, = fye 1001 + fie 1001 + .-+ fig00€ 1001

Representation of F;, in a matrix form
1271(0)(0)

j2(1)(0 j21(1000) (0
1001 e ] 71T(()0)1( ) e J 7T(mm)( )-I f
| _Jj2m(0)(1) _j2m(1000)(1) [l £
=| e 1001 e 1001 |
Fiono l 12n(o)(1ooo) _j2m(1000)(1000) J frooo
e e 1001

The last step is to calculate the magnitude and energy
contained in equations (2.8) and (2.9), which are in the form
|Fe| = VRe(F)? + Im(F)?

P, = |F¢|? = Re(F)? + Im(F;)?

The magnitude and energy graph is shown in the following

Figure 10.
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Figure 9. DFT Magnitude Graph
In Figure 9, since the discrete signal is real-valued, according
to the previous explanation of the DFT properties, the graph
will be symmetrical. Magnitude values can be found in the
appendix. When enlarged, the magnitude graph will appear as
shown in the following Figure 10.
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Figure 10. Magnification of the DFT magnitude graph
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Energi DFT

Figure 11. DFT energy graph

Figure 11 shows the signal energy generated by the
simulation after DFT. Energy is calculated from the square of
the magnitude, which indicates the power of each frequency
component of the signal. Peaks on the graph indicate
dominant frequencies, which, in the context of EEG, can be
associated with specific neurological conditions. However, in
this study, because it is limited to a time signal example, it is
assumed to be "similar" to the beta waves in Figure 3, namely,
a person concentrating for 1 second. Therefore, during this
time, the frequency with the highest or dominant energy is the
beta wave frequency that makes up its continuous function. If
a person is not concentrating and the beta wave activity in the
brain has a vast spectrum (magnitude and energy), this
condition is abnormal.

IV. CONCLUSSION

Based on theoretical analysis and numerical simulations, it
can be concluded that the Discrete Fourier Transform (DFT)
is a linear mapping that operates in a finite-dimensional
complex vector space with a Hilbert space structure. The
proof is carried out by ensuring that the space satisfies all the
axioms of an inner product space and a complete metric space.
Thus, the domain in which the DFT operates can be classified
as a finite-dimensional Hilbert space. Furthermore, this study
also applies the DFT to investigate mathematically model
EEG signals. Using a discretization process that employs the
impulse sampling method, the continuous signal is
successfully converted into a discrete form suitable for the
DFT. The transformation results show that the resulting
frequency spectrum matches the frequency components
implemented in the initial model, both in terms of magnitude
and energy.
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